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Abstract 

We investigate (pseudo) differential forms in the framework of supergeometry. Definitions, basic properties 

and Cartan calculus (DeRham differential, Lie derivative, inner product, Hodge operator) are presented; 

the symplectic supermechanics (even and odd) is formulated; and the question of quantization is discussed. 

In the framework of supermechanics, we investigate also classical Hamiltonian systems converting to SUSY- 

QM after quantization. 
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1 Introduction 

Supergeometry is surely an interesting and fruitful branch of mathematics with a variety of pow- 
erful applications in modern theoretical physics, in particular in SUSY, supergravity and super- 
strings. From a purely mathematical point of view, supergeometry is a natural extension of the 
ordinary diflerential geometry by Grassmann variables. Such anti-commuting extensions repre- 
sent an essential and inspiring feature of all supermathematics. The first "supermathematician" 
was undoubtedly Russian mathematician F. A. Berezin, who formulated the main principles of 
supermathematics (see his famous book p]). In present days there is a lot of books and articles 
about supergeometry and its application in physics, but because our aim is not to describe all 
historical circumstances, we refer only to a few of them ^-[11 (see also references therein). 

Differential forms and Cartan calculus are very effective tools of theoretical physics. It is 
well known that nine tenths from classical physics may be formulated and investigated from the 
geometrical point of view. The supergeometrical generalization is therefore very useful when 
describing systems with both bosonic and fermionic degrees of freedom. The supermathematics 
(inspired by the physics) is a right tool to do this rigorously. The aim of this paper is to present 
a very short exposition on pseudodiflerential forms (roughly speaking differential forms on an 
arbitrary supermanifold) and related Cartan calculus. It will be shown that such objects are just 
functions on another (bigger) supermanifold, therefore they are very easy to handle. All standard 
geometrical operations will be encoded into distinguished vector fields whereupon the calculus will 
become simple and beautiful. 
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2 Pseudodifferential forms 



It is well known (for more details see j2]) that the pseudodifferential forms on arbitrary smooth 
TO|n-dimensional supermanifold DJl are defined as functions on UTVJl (odd tangent bundle). The 
standard differential operations on the forms (DeRham differential, Lie derivative, inner product) 
are identified with special supervector fields on IITOJt. To obtain their exact expressions we use 
the fruitful idea of Maxim Kontsevich, who pointed out that (see ^) 

UTTl = { supermaps: R"l^ -> M} . (!) 

The supergroup Dijf (R°l^) defines via its natural right action 

UTM X Diff (R"|i) ^ nrgjl {F,g)^ Fog 

the left invariant (fundamental) vector fields Q, E £ X{UTTl). Their expression in arbitrary local 
coordinates (x*, f/'*, y") = (x', dx*, d^") covering the odd tangent bundle (i = 1, . . . ,m and a 
1, . . . , n) is very simple, namely 

Q = ip^d^i + y"d^a DeRham differential , (2) 
E = iJ''^^^ +y°'dya, EulerfieU. (3) 

Throughout the paper, we use left derivatives with respect to Grassmann variables and Einstein's 
summation convention. The Euler vector field "measures" the degree of homogenity of pseudod- 
ifferential forms under the supergroup action, therefore the superalgebra C°°(nT97l) has also a 
Z-graded structure. A direct calculation gives the (super) commutation relations in the superalge- 
bra rfi#(R°|i) 

[Q, Q] = 2Q2=0, (4) 
[E,E] - 0, (5) 
[E, Q] - g . (6) 

Now we shall very briefiy sketch the genesis of Lie derivatives and inner product on pseudodiffer- 
ential forms under some vector field V = V'{x, ^)d^. +V°'{x, ^d^. = V{x')^^^^ + Vi^°')^^c, G X{m). 
The Lie supergroup Diff (SDt) acts on the supermanifold IirOJl, 

Diff (971) X Urm nrm {g,F)^goF , 

and therefore for arbitrary element V of the superalgebra diff (Tl) — X(9Jl) = Der {C°°{Tl)) 
we have some vector field defined on HTVJl. Notation refiects the obvious fact that we 
have lifted the vector field V from the supermanifold 971 to nr97l. A straightforward coordinate 
computation^ gives 

= v{x^)d.,. + viOdi^ + {-ifQ{v{xWr + {-ifQiv{n)dv- ■ (7) 

The procedure of lifting vector fields preserves parity, = V. 

^In the case of an odd vector field {V = 1) it is necessary to consider the superflow (homomorphism of the 
supergroups R^'^ and Diff(1St)), whose infinitesimal (At, Ae) version in the coordinates is 
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Apart from this natural lifting construction it is also possible to assign to any V G X(97l) 
certain vector field on IirOTl such that ^ V + 1 and 

[V^,Q] = V^. (8) 

Obviously, the coordinate expression for is 

V^^V{x^)d^.+ViC)dy^ . (9) 
It is easy to confirm the validity of supercommutations relations 

[E, yT] ^ , [E, Vt] = -v^ , 

[V\Q] =0, [V\W^ = [V,WY , (10) 

[V^, V^i] = , [V\ W^] = [V, W]^ . 

The vector fields corresponds to the Lie derivative Ly (with respect to V), whereas V| corre- 
sponds to the inner 'product iy (with V). The equation ijSl is the famous Cartan formula. 

An arbitrary pseudodifferential form is a function on the supermanifold IfT^Jl and therefore 
it may be expressed in any local coordinates as 

f = f{x,C,^,y)^J2 E fc..,...,o.,.^u...,^A^:y)C' ■■■C^r' ■■■r'' : (H) 

I3>0 ai,--.,a/3 
fc>0 il.....ik 

where the ordinary real (complex) valued functions fai,...,ik {x, y) are skew-symmetric in the indices 
Qfi, . . . , Zfc. The Berezin integral (for more details see Q],!!]) of a function / on IITOJl, 



/[/]:- ydxd^ j dV-dy /(x,^,V,2/), (12) 

an R-im 

defines the integral of the pseudodifferential form / over 971. It is clear that such integral is not 
well defined for all elements of C°°(nr9H), because the supermanifold M"'™ (the typical fiber in 
the bundle HTM — > OT) is not compact. The coordinate transformation on the supermanifold OJl 
(x%^") 1-^ (X'(a;, ^), S"(a;, ^)) induces the corresponding transformation on IITOT, 

(x^ r ; y") - r = ^^=1^ + = v^'^f; + 



Its berezinian is equal to unity, therefore the integral defined in Ijl2ll is coordinate independent. 

It is also possible to define (at least formally) Hodge * operator acting on pseudodifferential 
forms. As in the case of ordinary differential forms, the essential ingredient to define Hodge 
* operator is metric. The metric may be introduced on an arbitrary m|n-dimensional smooth 
supermanifold 9Jt (in particular, on an ordinary manifold M) as an even regular (non-degenerate) 
quadratic function at the tangent bundle TOJl 

. (,■,.■") ( »;;_<;'f, )(::). (13) 

The non-degeneracy condition reads 

Ber G = det {g„ - T,p{ho,0)-^T^j)det [KpY^ + . (14) 
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The transformation of local coordinates on the supermanifold 971 and the transformation of the 
coordinates {x^ , , , a") on TTl are coupled by 

Let us emphasize that non-degeneracy of G implies that the even skew-symmetric matrix h^fi 
is invertible, consequently, m|n-dimensional supermanifold 971 may be Riemannian only if n is 
even (this fact is strongly reminiscent of the situation in symplectic geometry). For the func- 
tions on nT97l (pseudodifferential forms on 971) the Hodge star operator is defined via Fourier 
transformation in the "fibre variables" -0' and y", namely 

M){x,^,ij,y):= I -^|^/(x,C>',2/')e-^<'^'^'l'^'^>'= , (15) 

where the symbol {ip' , y' lip , y) g denotes the "scalar product" with respect to the metric G 

i^',y'\i.,y)a:=ir,yn{^l Z) {'yt ) ■ d^) 

A straightforward calculation shows that the definition of Hodge * operator is independent on the 
choice of coordinates, and for ordinary forms it gives a multiple of standard *g. As above, the 
non-compactness of the fibre M"'™ implies that * is defined only for functions that are behaving 
well in the variables y"' at infinity, for example for the functions with compact support. 

3 Frolicher-Nijenhuis brackets 

In this section we will consider only an ordinary (real) smooth m-dimensional manifold M. It 
has been shown that exterior algebra of differential forms Q{M) is in one to one correspondence 
with C°°{UTM). The supergroup Diff (R"|i) defines via its action on G°°(nTM) also a Z-graded 
structure on the Lie superalgebra X(nTM) = Der {G°° (HTM)), namely 

V e X'^''\nTM) <^[E,V] = kV =: deg {V) V . (17) 

The vector fields from X^''^ (HTM) encode, from the ordinary point of view, the derivations of 
fl{M) of degree k, and moreover, from the (super) Jacobi identity it is clear that deg {[V, W]) = 
deg {V) + deg (W). The derivations of n{M) commuting with DeRham deferential are represented 
by special vector fields from X(nTM) that commute with Q. The Lie subsuperalgebra of such 
derivations will be denoted Xq{IITM) (the (super) Jacobi identity states that supercommutator 
of two Q-invariant vector fields is again Q-invariant) . The obvious coordinate expression for 
Va e X'^Q^ (HTM) is 

Va = A\x,i;)d,. + i^l)''Q{A\x,i>))d^. , (18) 

where A^{x,ip) are functions on HTM with the degree of homogenity k (differential forms of A:th 
degree) . Using {HI it is possible to assign to any Q-invariant vector field Va of degree k another 
vector field va G X^'^^^^HTM) (roughly speaking "potential of Va"), such that 

VA = A\x,tp)d.^. = A}^_..._^-Jx)0^"i . ..ij^'d^. . (19) 

There is a unique correspondence between Xq\iITM) and total skew-symmetric tensor fields 
of type (^) on manifold M, because any such tensor A is completely characterized by a set of 
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component functions ^4*^ jfc(^)- define the Frdlicher-Nijenhuis brackets between two such 
tensors A, B of ranks (^), (J) respectively by the supercommutator of corresponding vector fields, 
namely 

[VA,VB]=:V{A,B}r.s ■ (20) 

All properties of the Frolicher-Nijenhuis brackets may be obtained from the defining equation II2()|I 
and from the properties of the supercommutator (for more details see Nijenhuis pioneering work 

uni). 



4 Symplectic super mechanics 

The Cartan calculus is undoubtedly a useful tool in modern theoretical physics. A very nice and 
simple example of its application is the symplectic formulation of Hamiltonian mechanics (see 
for example m],C21). Our next task is formulation and brief description of the supersymmetric 
extension (via pseudodifferential forms) of ordinary Hamiltonian mechanics, and quantization of 
the extended theory. In the general Poisson setting this has been done in nsj-jlTl. 

The supermanifold 971, endowed with a particular function (pseudodifferential form) Vl e 
C°°(nTOT), is called 

even- symplectic: odd- symplectic: 

if dim(J)Jl) = 2m I n ; if dim(37t) = m|m ; 

n = o ; n^i ; 

Q{n) ~ (closedness) ; Q{^) ~ (closedness) ; 

E{Q) = 2n {n is 2-form) ^ E{Q) = 2n {Q is 2-form) ^ 

fl is regular polynomial fl is regular polynomial 

(non-degenerate) of 2-nd (non-degenerate) of 2-nd 

degree in -0, y . degree in i/j, y . 

The presence of a symplectic structure on the supermanifold 971 allows us to define Poisson brackets 
on C°° (9Jl) : for arbitrary homogeneous function (in the sense of parity) / G C°° (971) C C°° (nr971) , 
we define the Hamiltonian vector field C/ € X(97t) by the condition 

Cf^n = -{-iyQif) ■ (21) 

It is evident that Q ^ f + fl and the assignment / i-^ C/ is M-linear. The corresponding Poisson 
brackets are 

{/, 9}n Cf^Q^^hl f^' = C)5(-l)^~^+' = C/5(-l)^+' • (22) 
Following formulas are valid 

= f+~g + ^, (23) 

= [C/,Cg], (24) 

= {/, 5}o + {/, %2 , (25) 

= -{5, /}^(-l)^^'+^^^^^^+^^ (26) 

- {Lg}^h + g{f,h}^,i-lf+^y^ , (27) 

= {/, {g, h}^^}^^{-l)^^+''^y''+^^'^ + cyclic permutations . (28) 

Observables of supermechanics are by definition functions on 97t; C°° (971) is Z2-graded commuta- 
tive algebra and at the same time Lie superalgebra, and the compatibility of these two structures 
is guaranteed by the graded Leibniz rule Ij27|l . 
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To define the dynamics we need the Hamiltonian H G C°°(97t) (homogeneous element in 
the sense of parity). The (super)time evolution is generated by (super)fiow <i'(t,e)(Cff) of the 
corresponding Hamiltonian vector field Ch \ the general formula for the pull-back of the (super)fiow 
on the observables is 

r e-</ when H + VL^Q , 

It is convenient to rewrite the integral formula for the (super)time^ evolution Ij29|l into a differential 
one. This amounts to writing down the Hamiltonian equations of motion 

ifH + Cl^O then {H, /}o(-l)^ = dtf , (30) 
ifi/ + n = l then {H,f}^,{-lf = {d, + edt)f. (31) 

The question of symmetry of the Hamiltonian system {Tl, fl, H) is also very simple: vector field 
V S X{dJi) is a Cartan symmetry li V"^ VL ^ Q ^ V"^ H . If moreover there exists some function 
F e C°°{Tl) for which V| SI = —{—1)^Q{F), then we call V an exact Cartan symmetry and the 
function F is a conserved quantity. 

The quantization with a given symplectic structure may be performed by the famous Fedosov 
construction well known from deformation quantization theory, which for the simplest case 
(flat phase space, discussed in more detail below) coincides with the Wigner-Moyal-Weyl quanti- 
zation (for more detail see fT9|). 

Quantization of even supersymplectic structures: We shall sketch shortly the quantization 
procedure for supermanifold Tl — R^™!" (equipped with global coordinates {x^ , . . . ,a;™,x™+^ = 
Pi, . . . ,a;^™ = Pm',£,^, ■ ■ ■ I ■?")); the superanalog of ordinary phase space, endowed with the sym- 
plectic structure (pseudodifferential form) 

n = ^V, - ^5^/32/"/ = dx' A dK - ^9apdC A d^^ , (32) 

where gap = diag(+l, . . . , +1, —1, . . . , —1). This is a natural extension of the canonical 2-form 
u! = da;* Adpi on R^™. It is not so difficult to prove that the famous Darboux theorem, well known 
from standard symplectic geometry (see for example (201), is valid in supersymplectic case, too, 
so that an arbitrary 2m|n-dimensional even symplectic supermanifold 971 is locally isomorphic to 
]gi2m|n Tffi^^y^ ^jjg symplectic form l(32ll . Let us stress that even "supersymplecticity" (contrary to 
"supermetricity") does not lead to any restriction on n. The corresponding coordinate Hamiltonian 
vector fields 

C.. = , Cp. = -9.. , Ce° = -g'^'di^ , (33) 

determine elementary Poisson brackets 



{X\ X^} = {p„ pj} = {p^, X^ = Sj , 



The canonical operator quantization is equivalent, via Weyl isomorphism, to quantization with 
operator symbols (ordinary functions on the phase space) and vice versa, with the operator product 

^We see that superfiow forces us to extend the ordinary evolution of classical mechanics in t g R (additive Lie 
group) to superevolution in (t, e) G R^'^ (one of the simplest Lie supergoups). The multiplication in R^'^ is given 
by (t, e) • {t' , e') = {t + t' +ee' , e + e'), with the neutral element e = (0, 0) and the inverse element (t, e)~^ = {—t, — e). 
Lie superalgebra r^l'^ is generated by vector fields Vq = dt and Vi = dt + e9t obeying [Vi, Vj] = 2ijVo. 
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(36) 



replaced by the star product^ 

f^h = fh+'-^{f,h} + oih) 

and the supercommutator [/, h]^ is in one to one correspondence with a star (super)bracket 
{/, h}i,^ :— f -kh^h-k f . The "star product technique" leads to the canonical supercommutation 
relations 

[i%i-']_=0, [j5,, = , [pi, x' ]- ^ ih6l , 
[i%e]-=0, [p„f""]_=0, [t,i0]+=ihg 

The appropriate Hilbert space for such QM is L^(M™, d^) ® C^, d = 2^^\ and the dynamical 
equations (in Heisenberg picture) coincide with Ij30|l . Ij31ll if we put = and replace {. , .}q by 
[. , .]ip. Now we are ready to present simple examples. 

SUSY-QM: In order to simplify the exposition we put g""^ = S"^ , m = 1 and n = 2 (it is 
well known from the theory of Clifford algebras (2] that for all even n and all metrics g"^ the 
properties of the algebras are similar) . The supercommutation relations (j36ll are represented in 
the Hilbert space L^(IR, dx) (g) by the operators 

It is convenient to form from self-adjoint operators x and p the bosonic ladder operators 

b^-^{x-ip), b^ = -^{x + ip), (38) 



and analogically, from anti-self-adjoint operators = «(^")^ {a — 1,2) the fermionic ladder 
operators 



The general even classical Hamiltonian quadratic in the momentum p is of the form 

H=^{p' + V,'ix)) + V2ix)ee ■ (40) 

The most interesting case is V2{x) — ±V{{x), because then there exist odd conserved quantities 
i{H, q} = 0) 

qi± = pe T Vi {x)e , q2± - pe T Vi {x)e , m 

such that 

{q^+ ,qj+}^ H+ , {q,- ,qj-}^ 26^j H- , (42) 

where 

H^ = l{p'+v,'{x))±v;{x)ee ■ 

The corresponding Hamiltonian vector fields Cq generate a special kind of internal (exact Cartan) 
symmetry, which turns into supersymmetry on quantum level. Quantization procedure leads to 
the Hamiltonian 

H±^l; (f + (x) ± hVi{x)c7^ , (43) 



^which defines the so called quantum deformation of the classical space of observables 
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which is the famous Witten's Hamiltonian for the SUSY-QM (proposed in |22|)ES| and studied in 
[211, [211 )■ The operators Qi± — --^qi± are odd generators of quantum supersymmetry 

[g,+ , Qj+]+ = 25,,H+ , = 25,,H_ . (44) 

Very nice and pedagogical articles about SUSY-QM may be found in (see also 28|], where 

SUSY-QM is built from classical mechanics in a Lagrangian framework). 

Spin i particle: Another important example is g°'^ — S"^ , m — 3 and n — 3. The operator 
realization of (13611 is for even variables the same as in 113 7|l , while odd variables are represented by 
the operators 

r = a = 1,2, 3, (45) 

where a" are Pauli matrices (for a general odd n the same is true with the cr's replaced by the 
generators of corresponding Clifford algebra) . Classical even Hamiltonian 

corresponds after quantization to the well known Pauli Hamiltonian, which describes non-relativistic 
spin ^ particle with charge q, mass m and Lande g-factor in an external electromagnetic field (more 
details about quantum mechanics related to PauH equation could be found e. g. in [221)- For 
the Hamiltonian (Hfill and a purely magneto-static field described by the vector potential A it is 
possible to find a classical odd conserved quantity 

Q = ^{p,+ qA,) (e + q{9 - 2) ^J^^^ eee) , (4?) 

V 2{p + qA)^ J 

which obeys {Q, Q} = 2H. The corresponding Hamiltonian vector field is an exact Cartan 
symmetry (more details about supersymmetry related to Pauli equation in specific configurations 
of magnetic field see in (HOI)- 

Quantization(?) of odd supersymplectic structures: The Darboux theorem for odd sym- 
plectic structures (for more details and a proof see [2], |S2|) states that an arbitrary m|m- 
dimensional odd symplectic supermanifold DJl is locally isomorphic to E™'™ (described by global 
coordinates (x^, . . . , a:™, . . . , $™)) with the odd symplectic structure 

n = 6^aiJ'y" = S^cdx' A dC ■ (48) 

The coordinate Hamiltonian vector fields 

= -S'^-d^. , = S^'d,. , (49) 

define elementary Poisson brackets (one usually refers to the Poisson brackets for odd symplectic 
structures as Buttin brackets) 

{x\x^} = 0, {r,e^} = 0, {r,a;'} = ^"\ (50) 

The well known and simplest example of an odd symplectic (Poisson) supermanifold is I1T*M 
(the odd cotangent bundle associated to T*M by changing parity in fibres). Functions on I1T*M 
correspond to multivector fields on the manifold M and Poisson bracket of two functions is defined 
as Schouten bracket of congruent multivector fields. 
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It is not fully clear (at least for us) what exactly means the "quantization" of odd symplectic 
structures. It is possible to adopt the quantization schema from the even case, deforming the 
algebra C°°(M'"I'") by introducing the associative ★ product 

+ + + , (51) 

with odd deforming parameter k in order to preserve parity. Unfortunately, such associative 
star product is Z2-graded commutative and it may be proved (see |33|) that the ★ product and 
the ordinary (exterior) product are equivalent''. It was shown by P. Severa (for more details 
see P3|) that an odd Poisson structure (in particular, an odd symplectic structure) on arbitrary 
m|m-dimensional smooth supermanifold Tl may be used to deform/quantize the algebra of pseu- 
dodifferential forms over 

Let us stress, finally, that odd symplectic structure is a crucial ingredient of Batalin-Vilkovisky 
formalism (for more details see |2SJ)il2£J)) whose geometrical background is discussed in ^32, .[.ST]- 

m- 
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